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Abstract —The primary challenge in constructing a Bayesian
Network (BN) is acquiring its Conditional Probability Tables
(CPTs). CPTs can be elicited from domain experts; however,
they scale exponentially in size, thus making their elicitation very
time consuming and costly. Das [1] proposed a solution to this
problem using the weighted sum algorithm (WSA). In this paper
we present two empirical studies that evaluates the WSA’s
efficiency and accuracy, we also describe an extension for the
algorithm to deal with one of its shortcomings. Our results show
that the estimates obtained using the WSA were highly accurate
and make significant reductions in elicitation.
Bayesian Network; Conditional Probability; Weighted Sum
Algorithm; Knowledge Elicitation, CPT Elicitation, Expert

I.

INTRODUCTION

A Bayesian Network (BN) is a probabilistic modelling
technique that allows for reasoning under uncertainty. BNs
have been applied in many areas including: forecasting,
estimation, classification, recognition, and inference [2, 3]. A
BN consists of two components: The first is a Direct Acyclic
Graph (DAG) that represents factors of interest (as nodes) and
associated causal relations (as edges). For example, Figure 1
shows a naive BN for forecasting the rate of growth for a
hypothetical plant, given the amount of sunlight and water it
receives.

relations and factors that constitute the causal structure of the
model, as well as the probability values required for the CPTs,
or using a combination of both. Domain expert elicitation is
often favoured when there is no data available for automatic
learning, or when the model is qualitative in nature, and hence,
difficult to record measurable data [6, 7].
TABLE I.
Water Amount
Low
Low
Low
Med
Med
Med
High
High
High

CPT FOR THE "PLANT GROWTH RATE" NODE
CPT for 'Plant Growth Rate'
Sunlight Amount Slow Medium
Low
0.85
0.10
Med
0.20
0.50
High
0.22
0.48
Low
0.50
0.25
Med
0.25
0.60
High
0.23
0.49
Low
0.30
0.50
Med
0.40
0.45
High
0.00
0.10

Although domain expert elicitation is considered as a more
pragmatic approach, the reality is that eliciting thousands of
probabilities manually becomes exceedingly arduous and time
consuming. CPTs grow exponentially with respect to the
number of parental states. Therefore, even a seemingly small
BN (e.g. under 20 nodes) can potentially contain very large
CPTs.
II.

Figure 1.

A naive Bayesian Network example

The second component of a BN is a set of Conditional
Probability Tables (CPTs), one for each node. Table 1 shows
the CPT for the Plant Growth Rate node from Figure 1. The
left side of the CPT lists all possible configurations of its
parents' states, and the right side of the CPT contains
conditional probability values for each configuration. Every
row in the child nodes' CPT must contain values that sum to
exactly one.
A BN’s DAG and CPTs can be automatically learnt from
data [4], or by domain expert elicitation [5, 6], where experts
knowledgeable in a given domain are asked to visualize the

Fast
0.05
0.30
0.30
0.25
0.15
0.28
0.20
0.15
0.90

MOTIVATION

One of the key obstacles for BN practitioners is acquiring
probability parameters for Conditional Probability Tables [6,
7]. Throughout the last three decades a number of techniques
were proposed to help mitigate this problem. Pearl’s Noisy-OR
Gate technique [8] is perhaps one of the more established
techniques, followed by its generalization (Noisy-MAX Gate)
[8, 9]. However, these techniques often make fundamental
assumptions about the BN. For example, they assume that
parent nodes must be independent, and that each node must
have an “absent” state. In many domains, however, these
assumptions cannot be satisfied. To remedy many of these
constraints Das [1] proposed a technique known as the
weighted sum algorithm (WSA). However, unlike the NoisyOR and Noisy-MAX techniques, there are no empirical studies,
as far as we know that assess the WSA’s efficiency and
estimation accuracy.
Therefore, our aim is to empirically assess the WSA’s
efficiency and estimation accuracy using as benchmark manual
domain expert elicitation. The main contribution of this paper

is to provide empirical evidence on the use of the WSA for
CPT probability generation. Another contribution is to propose
an extension to the WSA to remedy a certain issue encountered
during the application of the algorithm (detailed in Section III).
The remainder of this paper is organised as follows: The
next Section introduces the WSA, followed by a description of
the methodology used in the empirical assessment, our results
and threats to their validity, and finally our conclusions.
III.

THE WEIGHTED SUM ALGORITHM

The WSA is based on two heuristics originally proposed by
Kahnman and Tversky [10, 11]. The first states that the more
cognitively accessible an event is, the more likely it is
perceived to occur (known as the availability heuristic). The
second heuristic is to mentally simulate a scenario to assess the
ease with which different results are produced given an initial
set of parameters and operating constraints (known as the
simulation heuristic). Using as basis these two heuristics, Das
introduces the notion of compatible parental configuration [1],
to be used to elicit the more cognitively accessible scenarios
from the experts, and later to generate the remaining CPT using
a weighted sum calculation. To describe the weighted sum
algorithm we will refer to the BN in Figure 2.

asking experts questions that are easy to visualize and simulate
because they relate to more realistic probabilities. Once this is
done, then the algorithm generates the remaining probabilities
that are likely harder to estimate.
However, an important assumption must be made when
applying this algorithm: the expert must be capable of
identifying realistic compatible parental configurations of each
state for each parent. If the expert fails to do so, the algorithm
will generate less trustworthy probabilities.
The algorithm takes as input:
1. The conditional probabilities corresponding to the
compatible parental configurations for every parental
state.
2. A relative weight value (between zero and one) for
each parent node, denoting the degree of influence a
parent has on a child node. The relative weights for all
parent nodes must add up to exactly one. A relative
weight equal to zero means that a parent has no
influence at all over a child node, and can therefore be
omitted from the network; conversely, a relative
weight equal to one indicates that a parent node is the
only determinant of the conditional probabilities in the
child node.
The above inputs are then used as weighted sum
corresponding to each state configuration in the child node's
CPT, as follows:
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Figure 2.

Generic naive Bayesian Network

We represent a node’s individual states in superscript, so
{  ,   , . . .   } are all the states of the child node x ; for the
parent nodes, we’ll use numbers in subscript to distinguish
between different parents. For example {  ,  , . ..  } are all
the states of the first parent  .
To formally define the notion of parental compatibility, let
the parent be assigned an arbitrary state
i.e. = , and
let  be another parent, such that  is considered compatible
with =
only when  is in some state (  ) that is most
likely, according to the expert’s knowledge, to coexist with
( = ). Therefore, we will use the notation   = 
to represent the set of states that are compatible with =
for all parents.
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The expert is asked to elicit the probabilities of compatible
parental configurations for each state in each parent node
(whenever the combination of states is meaningful (i.e.
compatible) to the expert), and then the WSA algorithm is used
to generate the probabilities of a child node's CPT. For
example, if we refer to the BN in Figure 1, the expert might
find it easier to estimate the probabilities for Plant Growth
Rate for the case when the Water Amount is low, which would
likely coincides when the Sunlight Amount is high, so therefore
 )*+,- = ./ would contain the parental state
01234ℎ+ = 64ℎ . Therefore, what makes this algorithm
unique, compared to other techniques, is that it focuses on

=
 >

(2)

Where / is the relative weight value for a parent, e.g. / is
the relative weight value for  .To illustrate it's usage, we refer
back to our example presented in Figure 1 and Table I. To
calculate an arbitrary cell in the CPT that has not been elicited,
for instance, the probability that the Plant Growth Rate is Fast
given that the Water Amount is Low and Sunlight Amount is
Medium. Assuming that both parents are equally influential
(i.e. both have an equal relative weight value of 0.5), then the
weighted sum calculation for this cell is as follows:
7C-/+ℎD*+, = E*F+ | )*+,- = ./, 01234ℎ+ = G,H1>
= 0.5 × 7C-/+ℎD*+, = E*F+ |  )*+,- = ./>
+ 0.5 × 7C-/+ℎD*+, = E*F+ |  01234ℎ+ = G,H1>

(3)

If different parents’ states share the same compatible
parental configuration it is possible to reduce the number of
elicitation questions due to this overlap. In addition, it also
makes the computation of the algorithm more efficient;
however, in most cases, this computation will be negligible.
For example, if there are 5 parent nodes each with 3 states, but
none of the states share any parental configuration, then 15
elicitation questions are needed to satisfy the first input of the
algorithm, whereas if we take the opposite extreme, when there
is an optimum compatible parental configuration overlap, only
3 questions are required. Although such optimum overlap is
unlikely to be frequent, it is still beneficial to detect overlaps in
order to reduce the elicitation effort.
There are circumstances when the domain expert is unable
to choose exactly one compatible parental configuration for a
given parental state assignment, i.e. there may be a set of
compatible parental configurations for that given state. Das
does not provide a solution for such situations. However,

during our experimentation with this method, we proposed a
possible solution for this problem. We suggested an extension
of the algorithm [12, 13] such that if a part of the given CPT
configuration can be matched with a compatible parental
configuration, then this value would be used (which is the
default situation presented in Equation 2); otherwise, an
average of all valid compatible parental configurations’
probabilities would be used. Our proposal was later discussed
with the WSA’s author, who agreed with our suggestion.
To state the proposed extension formally, let Ω =  be
a subset of   =  such that it contains all of the
compatible states that share the same parent, in other words, it
is the set of states that have at least one other state from the
same parent that is also compatible with = , i.e.:
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And let T be any subset of Ω =  such that each state
has a unique parent (i.e. set of states that do not share the
parent with another state). We can define T as follows:
T = N0 ⊂ Ω
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We therefore extend the original notation for representing
the set of compatible parental configurations for the parental
assignment =
(Equation 1) to be conditional on T; we
define this conditional parental configuration as the following:
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which is the set of all states that are compatible with
=
and all of the compatible parental assignments
represented by T, Using this definition, we can extend the
Weighted Sum Algorithm (Equation 2) to handle all situations
when there are more than one compatible parental
configurations for a given parental assignment, as follows:
&8 =  "2@4' =
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where 2@4 is a given configuration in the child CPT
that we are generating the probability for, / is the weight
associated with parent  and @7 , 2@4> is a conditional
function defined as follows:
@7
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IV.

METHODOLOGY

The BNs used in our empirical assessment of the WSA
method were elicited from experts in software and Web
development. These BNs were built to forecast development
costs for Web companies. Two Web effort estimation BNs
were used, thus leading to two separate case studies. The
following factors were fixed in each of these studies:
• A single domain expert participated in eliciting all
required information. By fixing the domain expert we
eliminated any potential discrepancies that could be
introduced by multiple domain experts.
• An expert-driven BN model constructed using only
manual elicitation was used as benchmark because it had
already been validated using real data and it was
confirmed by the domain expert(s) to fully reflect their
beliefs. Therefore, the benchmark model was used as basis
to measure the accuracy of the WSA algorithm.
• The input probabilities for the WSA algorithm were taken
directly from the benchmark BN, and were not elicited
again. This was done to avoid discrepancies in
probabilities used in the models being compared (i.e. if
probabilities were elicited twice, once using manual
elicitation and once using the WSA algorithm, the expert
could erroneously provide different probability values for
exactly the same cell in the CPT). Therefore, the only
inputs that were elicited for the WSA algorithm were the
selection of the compatible parental configurations, and
the weights for each parent.
We evaluated the weighted sum algorithm by:
• Determining reductions in elicited probabilities that it
achieves. This is done by simply counting the required
input probabilities required by the algorithm for a given
CPT and then comparing it with the CPT size (i.e. what
would be required if one would use manual elicitation).
• Measuring the accuracy of the algorithm by calculating the
absolute error (Euclidean distance) between every cell in
the generated CPT and the reference CPT in the
benchmark BN model. Here we used the same technique
previously used to evaluate CPT generation techniques
(e.g. [14]). The Wilcoxon signed ranked test was
employed to test the statistical significance of the results
(α = 0.05). A non-parametric test was chosen because we
could not guarantee that the data from some of the CPTs in
the benchmark BN were normally distributed.

(8)

In other words, if a part of the given configuration can be
matched with a compatible parental configuration, then its
elicited probabilities would be used, otherwise, an average of
the closest (in similarity) compatible parental configuration
probabilities would be used.
Note that our solution increases the number of probabilities
elicited using the WSA method because for each additional
parental state that is considered to be compatible for a given
parent, the number of elicited probabilities using this method
grows exponentially, which may approach manual elicitation in
the extreme scenario where no compatible configurations are
selected.

V.

RESULTS

In this section we summarise the results for the two case
studies conducted.
Case Study 1
The benchmark model contains 15 nodes, where four were
considered to be nontrivial in terms of probability parameters
(highlighted in Figure 3) and were therefore used as reference
CPTs. A CPT is considered as nontrivial whenever it has at
least two parent nodes, each presenting at least two states [12,
15, 16]. The sizes of the four CPTs are listed in Table II.

Figure 3.

Benchmark Bayesian Network model for case study 1

TABLE II.

THE SIZE OF CPTS IN CASE STUDY 1

CPT
A
B
C
D

Size
27
27
108
270

Number of Parents
2
2
4
4

Reduction in elicitation
achieved (%)

The domain expert was confident in identifying the
compatible parental configurations for CPTs A, and B.
However this was not the case for the remaining CPTs, given
that the expert was unable to select exactly one compatibl
compatible
parental configuration for most parent states in CPT C, and to a
lesser extent in CPT D. we therefore applied our proposed
extension (described in Section III). Wee elicited all computable
parental configurations that the expert could identify for a
given parental state, and later averaged their probability values.
The percentage reduction in probability elicitation for each of
the four CPTs (see Figure 4)) shows that CPT C achieved only
33.33% reduction in elicitation due to the expert’s
indecisiveness in selecting compatible parental configurations.

Figure 5. Distribution of absolute errors for case study 1

Despite the abovementioned
mentioned results, no statistically
significant differences in accuracy were observed between the
two models being compared.
Case Study 2
The benchmark model used in this study contained 16
nodes; seven were considered nontrivial in terms of probability
parameters (highlighted in Figure 6) and were used as
reference CPTs. Table III lists the seven reference CPT sizes.

87.04%
66.67%
44.44%
33.33%

Figure 6.

A

B

C

D

Conditional Probability Table
Figure 4.

Elicitation reductions achieved in case study 1

With regards to accuracy, Figure 5 illustrates the
distribution of absolute error values for each generated CPT.
CPT C achieved nearly perfect accuracy (most vvalues
presenting an absolute error equal to zero),, which is also due to
the proposed extension of the algorithm, where higher accuracy
is achieved due to further elicitation of probabilities. With the
exception of CPT D, all median absolute error values we
were
under 0.05, i.e. median accuracy of 95%, which is a low error
rate in comparison to other studies assessing other CPT
generation techniques [14, 17, 18].

Benchmark Bayesian Network model for case study 2

TABLE III.
CPT
A
B
C
D
E
F
G

THE SIZE OF CPTS IN CASE STUDY 2
Size
108
144
48
600
120
500
21,600

Number of Parents
3
2
2
3
2
3
5

During this case study we chose not to apply our proposed
extension to the WSA in order to be able to assess the WSA as
it was originally proposed;; thus, whenever the domain expert
was encountering difficulties
fficulties in selecting a single compatible
parental configuration from a set of valid configurations, they

Reduction in elicitation (%)

were asked to arbitrarily select any configuration from the valid
set.
A significant reduction in elicitation effort was achieved in
case study 2, specifically in CPT G (the
he largest CPT used in
both case studies), where only 72 probabilities were needed by
the WSA algorithm, compared to 21,600 probabilities obtained
using manual elicitation (see Figure 7).. The reductions
achieved in this case study clearly
early show the linear asymptotic
growth that the WSA algorithm can achieve compared to the
exponential growth of manual elicitation.
90.00%

87.00%

99.67%

80.00%
66.67%

66.67%

B

C

41.67%

A

D

E

F

G

Conditional Probability Table
Figure 7.

Elicitation reduction achieved in case study 2

TABLE IV.

CPT
A
B
C
D
E
F
G

Regarding the accuracy,
y, one can observe that with the
exception of CPT D and G, the median absolute error was
under 0.1, with CPT-B
B being the most accurate while CPT D
the least (shown in Figure 8). Although the accuracy results in
case study 2 were slightly lower than those ffor case study 1, it
still presents relatively more accurate results when compared to
other techniques (e.g. interpolation, and noisy gates).
These accuracy results also suggest that even though the
expert was required to select exactly one compatible paren
parental
configuration for each parental state, the results achieved were
not significantly more accurate than those
ose for case study 1.
This implies that our proposed extension to the WSA algorithm
did not seem to significantly increase the accuracy whenever a
domain expert could not select exactly one parental
configuration. This was perhaps unexpected, as one would
assume additional elicited information would result in much
higher accuracy.

Wilcoxon Z-value
-0.409
-0.687
-0.213
-2.441
-0.552
-1.986
-22.404

Table IV shows the seven Wilcoxon signed ranked test
results. Three of which (emphasized in bold) fall outside the
±1.96 range, implying statistically significant differences in the
obtained estimates. Note
ote that the three CPTs (D,F, and G) that
have resulted in statistically significant differences all have
sizes greater or equal to 500, whereas the remaining CPTs are
much smaller in size (as described earlier in Table III). Thus,
the results in this case study suggest that large CPT estimates
tend to yield statistically significant differences compared to
probability parameters obtained using manual elicitation.
In addition to the above, we also evaluated the accuracy of
the weighted some algorithm by comparing its prediction with
that of the manually elicited BN model. We used a validation
data set of 19 projects. Table V summarises the results of the
comparison using the four commonly used error metrics: Mean
Magnitude Relative Error (MMRE), Median Magnitude
Relative Error (MdMRE), Mean Estimate Magnitude Relative
Error (MEMRE), and Median Estimate Magnitude Relative
Error (MdEMRE).
TABLE V.

Figure 8. Distribution of absolute errors for case study 2

CASE STUDY 2 WILCOXON SIGNED RANKED TEST RESULTS

PREDICTION ACCURACY (IN TERMS OF RELATIVE ERROR)

Accuracy Measure

Manual Elicitation

The Weighted Sum Algorithm

MMRE
MdMRE
MEMRE
MdEMRE

18.64%
21.68%
22.15%
17.92%

17.66%
20.54%
21.64%
18.13%

The results in Table V show that the Weighted Sum
Algorithm achieved very comparable prediction accuracy to
that of manual elicitation, in fact, the results show a marginal
improvement with the Weighted Sum Algorithm.
VI.

THREATS TO VALIDITY

Although wee believe that the results of the two case studies
described herein provide useful empirical evidence regarding
the benefits of the WSA algorithm, there are threats to the
validity of these results that must be taken into account:
The first threat relates to the number of experts who
participated in each case study, given that a greater number of
experts could perhaps increase the level of certainty relating to
identifying
ing compatible parental configuration for each parental
state. Clearly further investigation is needed in order to confirm
whether the accuracy changes whenever the number of experts
increases.
Another threat relates to the size of the BN models
employed in both case studies. Although both BN models did
not seem to be small, further investigations
investigation involving very
large BN models is needed to confirm/refute
confirm/refut the patterns
observed herein.
A related
elated point is the applicability of the WSA to a
particular domain.. As stated previously, both cases studies

were based in the Web engineering domain. Certain intricacies
specific to this domain might affect the performance of the
WSA, for example, it might be more difficult to identify
parental compatible configurations in other domains compared
to the one used herein.
VII. CONCLUSIONS
CPT sizes grow exponentially relative to the number of
parental states. Therefore, a seemingly undersized Bayesian
Network model can still contain very large CPTs. For that
reason, abating this exponential growth is an imperative
requisite for eliciting larger and more comprehensive BNs.
The WSA relies on the notion of compatible parental
configurations to elicit probabilities for scenarios that are easier
to recall by the expert, and hence likely to be easier to elicit
and be more reliable. The algorithm utilizes a very simple
calculation based on elicited parental weights, and a weighted
sum. However, the original algorithm proposed by Das does
not describe how to deal with situations where the expert
cannot select a single compatible parental configuration for a
given parental state. Therefore, we proposed an extension for
the algorithm that remedies this situation by averaging the
probabilities of valid compatible parental configurations that
expert might select.
The aims of our work was therefore to empirically assess
the WSA in terms of elicitation reduction and accuracy.
Another secondary goal was to see how effective our proposed
extension to algorithm was.
We assessed the WSA in two case studies. The first case
study consisted of four nontrivial CPTs, two CPTs to which
our proposed extension to the original WSA algorithm was
applied to. The outcome of the first case study showed that
overall the WSA algorithm achieved a significant reduction in
the effort eliciting probabilities, and achieved very high
accuracy, with a median absolute error value less than 0.05 for
three of the four CPTs.
The second case study used a larger benchmark BN model
with seven nontrivial CPTs; however, in this case study, the
proposed extension to the algorithm was not applied, and
instead, the expert was asked to arbitrarily select a compatible
parental configuration in the event that there is more than one
valid configuration compatible with a given prenatal state.
The results of the second case study showed slightly less
accurate results, however, still very much comparable to that of
the first case study, perhaps suggesting that our proposed
extension might yield slightly better accuracy, but not
necessarily worth the tradeoff of eliciting more probabilities.
The elicitation reduction results in the second case study were
even more significant than the first. With the largest CPT of
(21,600 parameters) being reduced by 99.67% to only 72
parameters, which illustrates the linear growth of the input
probabilities required by the algorithm, compared to the
exponential growth of manual elicitation. The Wilcoxon
signed ranked test results also suggest that the algorithm only
yields statistically significant results when the CPTs are large
(on the scale of 500 or more parameters).
In conclusion, the WSA has demonstrated to significantly
alleviate the CPT elicitation burden in both case studies, whilst
yielding high accuracy levels. The algorithm's simplicity and
lack of constraints it assumes makes it an attractive technique

for solving the CPT elicitation burden, and should be
considered by BN practitioners.
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